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ABSTRACT
We extend our previous analysis of the quantum state during and after O(4)-
symmetric bubble nucleation to the case including gravitational effects. We find
that there exists a simple relationship between the case with and without grav-
itational effects. In a special case of a conformally coupled scalar field which is
massless except on the bubble wall, the state is found to be conformally equivalent
to the case without gravity.
1. Introduction
Field theoretical quantum tunneling phenomena such as false vacuum decay
are considered to have played important roles in the dynamics of the universe in
its early stage. One good example is the so-called extended inflation [1], in which
the inflationary stage of the universe ends with nucleation of true vacuum bubbles
and thermalization of the universe by collisions of these nucleated bubbles.
As another interesting possibility, we have recently proposed a simple one-
bubble scenario of the inflationary universe by considering the particle creation
during and after the false vacuum decay [2]. Provided enough entropy is produced,
it is possible to have our universe inside one nucleated bubble. However, since our
knowledge of the quantum state after the false vacuum decay is far from sufficient,
we are unable to argue further for or against this possibility at present.
Besides the inflationary universe scenario, what happens after the bubble nu-
cleation is an interesting issue as a fundamental process relating to the quantum
matter production or the quantification of quantum effects in general in the early
universe.
Toward a clear understanding of the issue, various attempts have been made.
Among them, Rubakov developed a method of non-unitary Bogoliubov transfor-
mation to treat the particle production during tunneling [3]. Then Vachaspati
and Vilenkin investigated general features of the quantum state during and after
nucleation of an O(4)-symmetric bubble, paying particular attention to the sym-
metry of the state [4]. Meanwhile, we have developed a method to analyze the
quantum state during and after field-theoretical quantum tunneling by construct-
ing a multi-dimensional wave function in a covariant manner [5] (hereafter Paper I).
Then we have applied it to the O(4)-symmetric bubble nucleation and investigated
the properties of the quantum state of fluctuating degrees of freedom in detail by
constructing an analytically soluble model [6] (hereafter Paper II).
However, all of these previous analyses were based on several non-trivial as-
sumptions or simplification of models, the validity of which is not clear. To mention
one of such, the effect of gravity was neglected in all of them. In this paper, we
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focus on this point and tackle the problem to incorporate the effect of gravity. More
precisely, as a first step, we take into account the background spacetime curvature
induced by the tunneling field solution and investigate its effect on the quantum
state of fluctuating degrees of freedom. Hence, in particular, the false vacuum is
de Sitter space.
This paper is organized as follows. In section 2, we extend our method devel-
oped in Paper I to the case when the initial state is excited with respect to the
false vacuum, which is necessary to incorporate the gravitational effect. In section
3, we show that there is an elegant interrelation between the quantum states after
tunneling with and without the effect of gravity. As a specific example, we then
consider a conformally coupled scalar field which interacts with the tunneling field
on the bubble wall but massless elsewhere, and show that its quantum state is
conformally equivalent to the case without gravity, i.e., the same result as for the
Minkowski background obtained in Paper II. However, we also point out a para-
doxical situation we encounter when evaluating the regularized energy momentum
tensor. In section 4, we summarize our results.
2. Multi-dimensional Tunneling Wave Function
In Paper I, we developed a method to construct the multi-dimensional tunneling
wave function from the false vacuum ground state in a covariant manner. As we
shall see in the next section, in order to construct the tunneling wave function in
curved spacetime, it is necessary to extend the formalism given in Paper I to the
case when the initial state is in an excited state. Some basic parts of this extension
have been recently given by Yamamoto [7].
We consider a system of D + 1 degrees of freedom whose Lagrangian is given
by
L =
1
2
G
αβ
(φ)φ˙αφ˙β − V (φ),
(α, β = 0, 1, · · · , D; i, j = 1, · · · , D),
(2.1)
where φα are the coordinates for theD+1-dimensional space of dynamical variables
(i.e., superspace) andG
αβ
is the superspace metric. In this section, Greek and Latin
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indices run from 0 to D and from 1 to D, respectively. For simplicity, we assume
the potential V (φ) of the form,
V (φ) = U(X) +
1
2
m2ij(X)φ
iφj , (2.2)
where the tunneling degree of freedom is represented by X = φ0 as a collective
coordinate and the fluctuating degrees of freedom by φi, respectively. Further
we focus on the case when the superspace metric depends only on the tunneling
degree of freedom, G
αβ
= G
αβ
(X), and has no cross-terms between X and φi (i.e.,
G
0i
= 0), and assume that the signature of the metric is positive definite. The
potential U(X) is supposed to have a local minimum at X = X
F
, which is not the
absolute minimum, as shown in Fig. 1. We call the point (X, φi) = (X
F
, 0) the
false vacuum origin throughout this paper.
The Hamiltonian operator in the coordinate representation is obtained by re-
placing the conjugate momenta in the Hamiltonian with the corresponding differ-
ential operators. In general, there exists the operator ordering ambiguity. Here we
fix it in such a way that the resulting Hamiltonian takes the form,
Hˆ = −h¯
2
2
Gαβ(X)∇α∇β + U(X) +
1
2
m2ij(X)φ
iφj , (2.3)
where Gαβ(X) is the inverse matrix of G
αβ
(X).
In Paper I, we constructed the quasi-ground-statewave function using the WKB
approximation. The quasi-ground-statewave function is the lowest eigenstate of the
Hamiltonian sufficiently localized at the false vacuum. Let us briefly summarize
the method without rigor. The detailed discussion is given in Paper I.
(i) First, we impose the WKB ansatz on the wave function,
Ψ = e−
1
h¯
(W (0)+h¯W (1)+···), (2.4)
which should solve the time-independent Schro¨dinger equation,
HˆΨ = EΨ. (2.5)
We solve this equation order by order with respect to h¯. The energy eigenvalue E
is formally divided into two parts, E
0
and E
1
, of O(h¯0) and O(h¯1), respectively.
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The equation in the lowest order of h¯ becomes the Hamilton-Jacobi equation with
the energy E
0
,
−1
2
Gαβ∇αW (0)∇βW (0) + V (φ) = E0. (2.6)
By setting Gαβ∇
β
W (0) = φ˙α, Eq.(2.6) gives the Euclidean equation of motion, i.e.,
with respect to the imaginary time τ = it.
(ii) We consider a solution of the Euclidean equation of motion which starts from
the false vacuum at τ = −∞ with the zero kinetic energy (i.e., E = E
0
:= U(X
F
))
and arrives at the turning point at τ = 0 which is the boundary of the classically
allowed and forbidden regions. If there are several nontrivial solutions, we choose
the one which gives the minimum Euclidean action. we call it the dominant escape
path (DEP), and denote it by φα(0)(τ ). In the present case, we have(
φ0(0)(τ ), φ
i
(0)(τ )
)
= (X(τ ), 0) . (2.7)
(iii) Next, along DEP, we introduce an orthonormal basis, eˆia(τ ), lying in the hyper-
surface Σ˜(τ ) orthogonal to it; G
ij
(X(τ ))eˆia(τ )eˆ
j
b
(τ ) = δ
ab
, where a runs through
the range 1, 2, · · · , D. For convenience, we fix the orthonormal basis in such a way
that eia := eˆ
i
a(τ = −∞) diagonalizes ωab := ωijeiaejb, i.e., ωab = ωaδab, where
ω2ij := lim
X→XF
m2ij(X). (2.8)
Then the required orthonormal basis along DEP is constructed by solving the equa-
tion,
∂
∂τ
eˆia +
1
2
GikG˙
kj
eˆja = 0, (2.9)
which corresponds to a special case of Eq.(2.17) in Paper I.
(iv) Assuming that W (0)(φ) is known around DEP, we span the hypersurface or-
thogonal to DEP by the coordinates ηa with respect to the basis eia and define
Ω˜
ab
:= W (0)
;ij
∣∣∣
ηc=0
eˆiaeˆ
j
b
, (2.10)
where the semicolon represents the (D + 1)-dimensional covariant differentiation
with respect to G
αβ
. We also introduce a matrix Ka
b
which is determined by
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solving
Ka
b
= eˆaαK
α
b
,
D2
dτ2
Kα
b
=
((
U +
1
2
m2ijφ
iφj
);α
;β
− X˙(τ )2Rα0β0
)
Kβ
b
,
(2.11)
with the boundary condition,
Ka
b
→ (eωτ)a
b
, (τ → −∞), (2.12)
whereD/dτ and Rαγβρ denote the Lie derivative along DEP and the Riemann tensor
of the superspace metric G
αβ
, respectively. One then finds Ω˜
ab
is expressed in terms
of K
ab
as
Ω˜
ab
= K˙ ca
(
K−1
)
cb
. (2.13)
(v) With these results in hand, the quasi-ground-statewave function [5] is found to
be
Ψ =
C
(
detω/πh¯
)1/4
e
1
2
ω0τ
[
2
(
U(X(τ ))−E
0
)]1/4√∣∣ detKa
b
(τ )
∣∣
× exp
(
−1
h¯
τ∫
−∞
dτ ′2
(
U(X(τ ))− E
0
)
+
1
2
Trωτ − 1
2h¯
Ω˜
ab
ηaηb
)
,
(2.14)
where ω
0
:= U ′′(X
F
), Trω =
∑D
a=1 ωa , detω =
∏D
a=1 ωa and the normalization
constant C is given by
C = lim
τ→−∞
(
2
(
U(X(τ ))− E
0
))1/4
e
1
2
ω0τ
(ω
0
πh¯
)1/4
. (2.15)
In the present case, the above result can be re-expressed in terms of the su-
perspace coordinates (τ, φi) as follows. First, note that the hypersurface Σ˜(τ ) is
generally different from the τ = const. hypersurface Σ(τ ) off the DEP; the latter
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is warped if G˙
ij
6= 0. Let a point (τ˜ , ηa) on the hypersurface Σ˜(τ˜ ) correspond to
(τ, φi) in the original coordinates. Then from the fact Q˜(τ˜ , ηa) = Q(τ, φi) for any
scalar function Q and the equation,
Ω˜
ij
= Ω
ij
+
1
2
G˙
ij
, (2.16)
which follows from the definition of the covariant derivative, where
Ω
ij
:=
∂2
∂φi∂φj
W (0)
∣∣∣∣
φk=0
, Ω˜
ij
:= eˆai eˆ
b
j Ω˜ab , (2.17)
we find
τ˜ = τ − 1
2
(
dW (0)
dτ
)
−1
G˙
ij
φiφj . (2.18)
Now, replacing τ in Eq.(2.14) with τ˜ given by Eq.(2.18), expanding the result
around τ , noting the fact dW (0)/dτ = 2(U(X)− E
0
), and regarding ηa and φi as
quantities of O(h¯1/2), we find the wave function to the first WKB order to have
the form,
Ψ(φα) = Θ(X)Φ(X, φi), (2.19)
where Θ is the lowest WKB part,
Θ(X) =
C[
2
(
V (X(τ ))−E
0
)]1/4 exp
(
−1
h¯
τ∫
−∞
dτ ′2
(
U(X(τ ))−E
0
)
+
1
2
ω
0
τ
)
, (2.20)
and Φ is the first WKB correction,
Φ(X, φi) =
(
detω/π
)1/4
√∣∣ detKia(τ )√G∣∣ exp
(1
2
Trωτ − 1
2h¯
Ω
ij
φiφj
)
. (2.21)
Further, from Eqs.(2.13) and (2.16), we obtain
Ω
ij
=
∑
a
G
ik
K˙kaK
−1
ja . (2.22)
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Also, from Eq.(2.11), we find Kia satisfies the equation,
G
ij
K¨ja + G˙ijK˙
j
a = m
2
ijK
j
a , (2.23)
which is just the classical equation of motion for φi in the Euclidean time. With
the help of Eq.(2.23), it is then straightforward to show that to the first WKB order
(2.21) satisfies
[D − E ′1]Φ = 0 ;
D :=
[
G−1/4∂τG
1/4 − h¯
2
Gij∂
i
∂
j
+
1
2h¯
m2ijφ
iφj
]
,
(2.24)
where E ′1 = h¯Trω. One sees that this is just the Euclidean time Schro¨dinger
equation for the fluctuating degrees of freedom.
Following the procedure taken in [7], we now construct a set of generalized
creation and annihilation operators, A†
a
and A
a
whose action on some eigenstate
of the Hamiltonian produces another eigenstate. In other words, look for operators
which correspond to the usual creation and annihilation operators at the false
vacuum origin, i.e., [D, Aa] = ωaAa and [D, A†a] = −ωaA†a. To do so, first, we
make a set of operators aa and a
†
a
which commute with the differential operator D.
If we assume the forms of a
a
and a†
a
as
h¯aa =
√
h¯
2ωa
Kiah¯
∂
∂φi
+G
ij
√
h¯
2ωa
K˙iaφ
j ,
h¯a†
a
=−
√
h¯
2ωa
Qiah¯
∂
∂φi
−G
ij
√
h¯
2ωa
Q˙iaφ
j ,
(2.25)
it is easy to see that aa commute with D and the necessary condition that a†a
commute with D is that Qia satisfies the same equation as Eq.(2.23) for Kia. Then,
as we have adopted the orthonormal basis eˆia which diagonalizes ωab at τ → −∞,
if we set the boundary condition of Qia as
Qia → e−ωaτeia for τ → −∞ , (2.26)
we find [a†
a
, a
b
] = δ
ab
. Hence the relevant creation and annihilation operators A†
a
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and Aa are found to be
Aa = e
−ωaτaa,
A†
a
= eωaτa†
a
.
(2.27)
An excited state wave function with respect to the fluctuating degrees of freedom
can be obtained by operating these creation operators, A†
a
, to the quasi-ground-
statewave function (2.21).
Given these results, it is convenient to reformulate the method to construct
the wave function in the following way. We consider a path in the complex plane
of time as shown in Fig. 2. Along this path, we construct a solution X(t) of
the classical equation of motion with the initial condition X(−∞) = X
F
. In the
segment A of the path, the solution stays at the false vacuum origin X(t) = X
F
which is certainly a solution. This solution can be smoothly connected to the DEP
solution at a sufficient large negative τ (= it). The segment B corresponds to
the DEP in the forbidden region and C the allowed region. The solution along
C is obtained by analytically continuing the DEP solution by setting t = −iτ
(> 0), which describes the classical motion after tunneling. The lowest WKB order
wave function is described by this classical solution. Now along this path, we solve
Eq.(2.23) for Kia and Q
i
a with the initial conditions at t→ −∞ as√
h¯
2ωa
Qia = u
i
a,√
h¯
2ω
a
Kia = u
i∗
a ,
(2.28)
where uia and u
i∗
a are the positive and negative frequency functions, respectively, in
the false vacuum. In this way, we obtain the first WKB order wave function before
and after the tunneling.
To close this section, perhaps it is worthwhile to mention that the time t (or
τ ) discussed here is not the external time in the original Schro¨dinger equation but
is a parameter that naturally arises from the characterization of the lowest WKB
configuration (or the internal time).
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3. Incorporation of Gravitational Effect
We consider the system which consists of two scalar fields, i.e., the tunneling
field σ and another field φ which represents the fluctuating degrees of freedom,
both coupled to gravity. We consider the situation in which the potential U(σ) is
in the form shown in Fig. 1 and σ is initially at the false vacuum, σ = σ
F
. The
interaction between the two fields is assumed to be described by the σ-dependent
mass term of φ; m2(σ)φ2/2. As in Paper II, we ignore the fluctuations of σ and
the metric gµν for simplicity. We begin with the Lagrangian of the form,
L = Lgrav + Lσ + Lφ, (3.1)
where
Lgrav = α
√
γ
1
16πG
R,
Lσ = −α
√
γ
[
1
2
gµν∇µσ∇νσ + U(σ)
]
,
L
φ
= −α√γ
[
1
2
gµν∇µφ∇νφ+
(
m2(σ) + ξR
)
φ2
]
,
(3.2)
and G and R are the gravitational constant and the scalar curvature, respectively.
Here and in what follows, we use the notation of the 3 + 1 decomposition of the
spacetime metric:
gµν =
(
−α2 + βsβs βn
βm γnm
)
. (3.3)
The Hamiltonian is given by
H = Hgrav +Hσ +Hφ, (3.4)
where Hgrav and Hσ are the Hamiltonians of the gravitational and tunneling fields,
respectively, and H
φ
is that of the fluctuating field,
H
φ
=
∫
d3x
[ 1
2
α√
γ
p2 + pβm∇mφ+
α
√
γ
2
(
γkm∇
k
φ∇mφ+
(
m2(σ) + ξR
)
φ2
)]
,
(3.5)
with p being the momentum conjugate to φ.
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We should note that when gravity comes into play, there exists no external time
and the Schro¨dinger equation becomes the Wheeler-DeWitt equation,
HΨ = 0, (3.6)
which is essentially the Hamiltonian constraint for the total system and the su-
perspace metric has an indefinite signature, presumably with only one timelike
component. However, discussion of the nature of the Wheeler-DeWitt equation is
out of the scope of this paper. Since we ignore fluctuations in gµν as well as in σ,
we simply assume that the lowest WKB state is described by a classical solution
of the (σ, gµν) system and ignore problems associated with the Wheeler-DeWitt
equation. Then, as we shall see below, there arises no conceptual problem with the
construction of the wave functional for φ.
3.1 Instanton with gravity
Let us first construct a non-trivial solution of the Euclidean Einstein-scalar field
equations, an instanton (or bounce) with gravity, to obtain the lowest WKB order
picture. In the absence of gravity, it has been shown that the classical solution with
the minimum action is O(4)-symmetric [8]. Although it is not proved when gravity
is present, it seems reasonable that it is also the case in the presence of gravity.
Hence we assume so. The O(4)-symmetric instanton with gravity was investigated
by Coleman and De Luccia [9]. Here we shall not repeat the details but discuss
only those features of the instanton that will be necessary for our purpose.
The O(4)-symmetric instanton takes the form,
ds2E = n
2(η)dη2 + a2(η)
(
dr2 + sin2 rdΩ2(2)
)
,
σ = σ(η),
φ = 0.
(3.7)
Since we ignore the fluctuations in σ and gµν , we denote the instanton configuration
– 11 –
simply by σ(η) and gµν(η). Then the Euclidean action becomes
S
E
= 2π2
∫
dη
[
1
n
(
− 3
8πG
aa˙2 +
1
2
a3σ˙2
)
+ n
(
− 3a
8πG
+ a3U(σ)
)]
, (3.8)
where a dot means the derivative with respect to η. We see that n plays the role
of a Lagrange multiplier; a consequence of the time reparametrization invariance
of the system. The variation of S
E
with respect to σ gives
σ¨ +
(
3
a˙
a
− n˙
n
)
σ˙ =
dU
dσ
, (3.9)
and that with respect to n gives
a˙2 − 4πG
3
a2σ˙2 = n2
(
1− 8πG
3
a2U(σ)
)
, (3.10)
which is nothing but the Hamiltonian constraint. Because of this constraint, the
variation with respect to a does not give an independent equation.
Let us present the solution of the above equations in the thin-wall case. We
also assume that the true vacuum energy density U(σ
T
) is non-negative. We choose
the gauge n(η) = a(η) and indicate the wall position by η = η
W
. The result is
a(η) =

1
H
F
cosh η
(η < η
W
),
1
H
F
(
cosh(η − η
W
) cosh η
W
+ sinh(η − η
W
)
√
cosh2 η
W
− (H
T
/H
F
)2
)
(η > η
W
),
σ(η) =
{
σ
F
(η < η
W
),
σ
T
(η > η
W
),
(3.11)
where η
W
> 0 always and
H2F =
8πG
3
U(σ
F
), H2T =
8πG
3
U(σ
T
). (3.12)
A schematic picture of the instanton is shown in Fig. 3. It has the topology of S4.
In the thin-wall approximation, the metric and tunneling field configurations are
– 12 –
identical to those of the false vacuum at η < η
W
, hence at η < 0. Here, we restrict
our attention to the case this holds, but it should be mentioned that this is not
true in general once the thin-wall approximation breaks down.
As was pointed out in [10], the coordinate η cannot play the role of the ‘time’
parameter τ which distinguishes each spatial configuration of the instanton the
sequence of which connects the false vacuum and the critical bubble configuration
corresponding to the turning point. A relevant choice of it is obtained by the
following coordinate transformation,


cosh η =
1√
sin2 τ +R2 cos2 τ
,
sin r =
R√
sin2 τ +R2 cos2 τ
,
(−∞ < η <∞, 0 ≤ r ≤ π),
⇔


sin τ = − cos r√
cosh2 η − sin2 r
,
R =
sin r
cosh η
,
(−π ≤ τ ≤ π, 0 ≤ R ≤ 1).
(3.13)
Then we have
ds2E = cosh
2 η a2(η)
{
(1−R2)dτ2 + dR
2
1−R2 +R
2dΩ2(2)
}
. (3.14)
How these coordinates span the Euclidean spacetime is schematically shown in
Fig. 4.
There are two main differences from the original coordinates. First, these co-
ordinates reduce to the static de Sitter coordinates when a(η) = 1/H
F
cosh η.
Therefore at τ < −π/2, the spatial metric and the tunneling field configuration
on each τ = const. surface are identical to those at the false vacuum origin and
it is also possible to extend this solution beyond τ = −π to τ = −∞. Second,
the configuration on the τ = 0 surface corresponds to the turning point, where the
solution can be analytically continued to the Lorentzian region by t = −iτ (> 0).
How these coordinates are analytically continued to the Lorentzian region is shown
in Fig. 5. Using these coordinates, a full description of the false vacuum decay at
the lowest WKB order is obtained and our formalism of the multi-dimensional wave
function can be applied to investigate the next WKB order effects.
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3.2 Quantum state of the fluctuating field
Next we turn to the issue of the quantum fluctuations during and after this
quantum tunneling. As mentioned previously, we neglect the fluctuations of the
metric and the tunneling field to avoid difficulties. For convenience, we use the
symbol X to represent the tunneling degree of freedom in the superspace, i.e.,
the spatial configurations of the metric and the tunneling field, gµν = gµν(X) and
σ = σ(X). We assume X is suitably normalized so that the reduced Hamiltonian
takes the form,
H
red
= −h¯
2
2
∂2
∂X2
+ U(X) +H
φ
(X, φ). (3.15)
We then investigate the quantum state described by H
φ
(X, φ) with X now repre-
senting the DEP parametrized by τ , X = X(τ ).
To apply our formalism developed in the previous section to the present case,
we replace the suffices i, j, · · · with the spatial coordinates x,y, · · · and a,b, · · ·
with certain eigenvalue indices k,p, · · · for a complete set of mode functions, say
w
k
:
φi → φ (x) ,
√
h¯
2ωa
Kia(τ )→ wk (x, τ ) ,
Gij(τ )→ α (x, τ )√
γ (x, τ )
δ3 (x− y) .
(3.16)
Here one comment is in order. If we wish to deal with the spacetime metric with
non-vanishing shift vector βi, we would need to generalize the formalism in §2 to
allow the superspace metric to have G
0i
6= 0. However, since there is no shift vector
in our metric, Eq.(3.14), this generalization is unnecessary at the moment.
Now as the state before tunneling, the most natural false vacuum state is the
so-called Euclidean vacuum, which is de Sitter invariant and exhibits the same short
distance behavior of the field as the Minkowski vacuum [11]. Although the latter
property is essential to single out the Euclidean vacuum, it can be made explicit
only when we deal with a specific theory. Hence we focus on the de Sitter invariance
of the vacuum in this subsection. Since the natural mode functions associated with
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the form of the metric (3.14) (with a(η) = (H
F
cosh η)−1) does not respect the
de Sitter invariance, the relation between these mode functions and those for the
Euclidean vacuum is non-trivial. Specifically, they are related by a Bogoliubov
transformation. This implies that the Euclidean vacuum is described as some kind
of an excited state relative to the ground state constructed with respect to the
static time coordinate (we call the latter the static vacuum for convenience). This
is the reason why it was necessary to extend our formalism to the case of excited
states at false vacuum.
To prepare the Euclidean vacuum and to obtain the Schro¨dinger wave functional
relevant for the false vacuum decay, in what follows, we first consider a general static
spacetime and overview the relation between the usual Heisenberg representation
of a vacuum state and the corresponding Schro¨dinger wave functional. Then we
construct the Euclidean vacuum over the static vacuum and translate the result
to the Schro¨dinger picture. Once this is done, it is then straightforward to obtain
the tunneling wave functional according to the prescription given in the previous
section.
Let u
k
(x, t) be a set of mode functions (not necessarily the positive frequency
functions with respect to the static time coordinate) and A
k
be the corresponding
annihilation operator; A
k
|O〉 = 0, where |O〉 is the “vacuum” in the Heisenberg
picture. Then we have
φˆ(x, t) =
∑
k
(
u
k
(x, t)A
k
+ u∗k(x, t)A
†
k
)
,
pˆ(x, t) =
√
γ(x)
α(x)
∑
k
(
u˙
k
(x, t)A
k
+ u˙∗k(x, t)A
†
k
)
.
(3.17)
We assume the mode functions u
k
(x, t) are orthonormalized with respect to the
Klein-Gordon inner product,
(u
k
, up) := −i
∫
d3x
√
γ
α
(
u
k
u˙∗p − u˙ku
∗
p
)
= δ
kp
. (3.18)
To consider the Schro¨dinger representation, we introduce time-dependent annihila-
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tion and creation operators a
k
(t) and a†
k
(t), respectively, as
a
k
(t) = e−iHˆtA
k
eiHˆt, a†
k
(t) = e−iHˆtA†
k
eiHˆt, (3.19)
where Hˆ is the Hamiltonian operator. The Schro¨dinger representations of the field
operators φˆ
S
(x) and pˆ
S
(x) are given by
φˆ
S
(x) = e−iHˆtφˆ(x, t)eiHˆt
=
∑
k
(
u
k
(x, t)a
k
(t) + u∗k(x, t)a
†
k
(t)
)
,
pˆ
S
(x) = e−iHˆtpˆ(x, t)eiHˆt
=
√
γ(x)
α(x)
∑
k
(
u˙
k
(x, t)a
k
(t) + u˙∗k(x, t)a
†
k
(t)
)
.
(3.20)
Using these operators, the Schro¨dinger representation of the vacuum, i.e., |O(t)〉
S
=
e−iHˆt|O〉 is determined by the condition,
a
k
(t)|O(t)〉
S
= 0. (3.21)
On the other hand, using the orthonormality of the mode functions, a
k
(t) and a†
k
(t)
are expressed as
a
k
(t) = i
∫
d3x
(
u∗k(x, t)pˆS(x)−
√
γ
α
u˙∗k(x, t)φˆS(x)
)
,
a†
k
(t) = i
∫
d3x
(
−u
k
(x, t)pˆ
S
(x) +
√
γ
α
u˙
k
(x, t)φˆ
S
(x)
)
.
(3.22)
Then, going over to the coordinate representation by the replacements,
pˆ
S
(x)→ −ih¯ δ
δφ(x)
, φˆ
S
(x)→ φ(x) , (3.23)
we find from Eq.(3.21) that
|O(t)〉
S
= N exp
(
− 1
2h¯
∫ ∫
d3xd3y Ω(x,y; t)φ(x)φ(y)
)
, (3.24)
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where N is a normalization constant and
Ω(x,y; t) =
1
i
√
γ(x)
α(x)
∑
k
u˙∗k(x, t)u
∗−1
k
(y, t), (3.25)
where u−1
k
is defined as
∑
k
u
k
(x, t)u−1
k
(y, t) = δ3(x− y). (3.26)
Now let us specialize the above to the case of de Sitter space and construct
the Euclidean vacuum over the static vacuum. Since the Euclidean vacuum is de
Sitter invariant, we need a set of mode functions which are defined over a complete
Cauchy surface. However, it cannot be covered by one static chart. Just as in the
case of describing the Minkowski vacuum in terms of the Rindler mode functions in
the Minkowski spacetime [12], we therefore need to prepare two static charts. We
label the quantities associated with these two charts by the indices (1) and (2). The
two regions are causally disconnected. Furthermore, as clear from the metric (3.14),
the bubble nucleation takes place only in one of the two regions. For convenience
we regard the region (1) to be the one in which the bubble nucleation occurs. As
the time direction is opposite in the two regions, we fix it by identifying the future
direction with the time direction in the region (1). Thus a complete Cauchy surface
is given by a hypersurface t = t(1) = t(2) and the Hamiltonian operator is positive
in the region (1) and negative in the region (2):
Hˆ
φ
= Hˆ(1)
φ
− Hˆ(2)
φ
, (3.27)
where both the operators H(i)
φ
(i = 1, 2) are positive and have the same form.
The positive frequency functions in each static chart behave as
u(1)
k
∝ e−iωkt(1), u(2)
k
∝ eiωkt(2), (3.28)
where t(1) and t(2) are the static time coordinates in the regions (1) and (2), re-
spectively. We orthonormalize them by the Klein-Gordon inner product (3.18).
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Note that the lapse function α is negative in the region (2). The static vacuum is
expressed as
|O〉 = |O(1)〉 ⊗ |O(2)〉; A(i)
k
|O(i)〉 = 0 (i = 1, 2), (3.29)
where A(i)
k
are the annihilation operators associated with the positive frequency
functions u(i)
k
.
The positive frequency functions for the Euclidean vacuum are expressed in
terms of a Bogoliubov transformation from the static vacuum positive frequency
functions. Since the regions (1) and (2) are completely symmetric, there exist
two independent positive frequency functions for the Euclidean vacuum for each
k, which we denote by u¯(1)
k
and u¯(2)
k
. Then in matrix notation with indices k
suppressed, the Bogoliubov transformation takes the form,(
u¯(1)
u¯(2)
)
= α
(
u(1)
u(2)
)
+ β
(
u(1)∗
u(2)∗
)
;
α =
(
α(1) α(2)
α(2) α(1)
)
, β =
(
β(1) β(2)
β(2) β(1)
)
,
αα† − ββ† = I,
(3.30)
where I denotes the unit matrix. Further, by a unitary transformation, we can
always make the matrix α diagonal. Hence we may assume
α(1)
kk′
= α
k
δ
kk′
, α(2)
kk′
= 0. (3.31)
Let |O¯〉 be the Euclidean vacuum. Then it is characterized by
A¯(i)
k
|O¯〉 = 0 (i = 1, 2), (3.32)
where A¯(i)
k
are the annihilation operator associated with the positive frequency
functions u¯(i)
k
. The corresponding Bogoliubov transformation for A¯(i)
k
is
(
A¯(1)
A¯(2)
)
= α∗
(
A(1)
A(2)
)
− β∗
(
A(1)†
A(2)†
)
. (3.33)
Then using the commutation relation between creation and annihilation operators,
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we find that the vacuum |O¯〉 is expressed as
|O¯〉 = N exp

1
2
∑
i,j,k,k′
B(i)(j)
kk′
A(i)†
k
A(j)†
k′

 |O(1)〉 ⊗ |O(2)〉, (3.34)
where N is some normalization constant and
B(i)(j)
kk′
=
(
α∗−1β∗
)(i)(j)
kk′
. (3.35)
The Euclidean vacuum state is invariant under the action of any generator
of the de Sitter group. Suppose the indices k of u(i)
k
represent the eigenvalues
associated with spherical mode decomposition, (k, ℓ,m), i.e., each of these modes
is characterized by an eigenstate of the Hamiltonian Hˆ
φ
, the angular momentum
square Jˆ2, and the z-component of it Jˆz. Since these operators are generators of
the de Sitter group, the Euclidean vacuum must be a zero eigenstate of all of them.
From the fact that all of these operators have the form, Qˆ = Qˆ(1) − Qˆ(2), we find
the matrix B should take the form,
B =
(
0 b
b 0
)
; b
kk′
= B
k
δ
kk′
. (3.36)
Then from Eqs.(3.31), (3.35) and (3.36), the matrix β is found to have the form,
β(1)
kk′
= 0, β(2)
kk′
= β
k
δ
kk′
, (3.37)
and
B
k
=
β∗
k
α∗
k
. (3.38)
Specifically, the Euclidean vacuum positive frequency functions are given by
u¯(1)
k
= α
k
u(1)
k
+ β
k
u∗(2)
k
,
u¯(2)
k
= α
k
u(2)
k
+ β
k
u∗(1)
k
,
(3.39)
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and the Euclidean vacuum is given by
|O¯〉 = N exp
(∑
k
B
k
A(1)†
k
A(2)†
k
)
|O(1)〉 ⊗ |O(2)〉. (3.40)
At this point, we note that u¯(1)
k
(u¯(2)
k
) is proportional to e−iωkt (eiωkt) for the
time coordinate t (= t(1) = t(2)) extended over both regions (1) and (2). This is
a result of the fact that, although regions (1) and (2) are causally disconnected
in the Lorentzian regime, they are analytically connected through the Euclidean
regime as τ = it(1) and τ = ±π + it(2). It is known that the positive (negative)
frequency functions for the Euclidean vacuum are characterized by the regularity
on the upper-half (lower-half) complex t-plane [12]. For later convenience, let us
consider the negative frequency functions (i.e., the analytic continuations at t = 0
and t = −iπ through the lower-half plane). Then the negative frequency function
in the region (1), u¯(1)∗
k
∝ eiωkt(1) , is analytically continued to the region (2) as
u¯(1)∗
k
∝ e−ωkpi+iωkt(2) . Similarly, the negative frequency function in the region (2),
u¯(2)∗
k
∝ e−iωkt(2) , is analytically continued to the region (1) as u¯(2)∗
k
∝ e−ωkpi−iωkt(1) .
Taking the complex conjugates of them, we then find
u¯(1)
k
= α
k
(
u(1)
k
+ e−ωkpiu∗(2)
k
)
,
u¯(2)
k
= α
k
(
u(2)
k
+ e−ωkpiu∗(1)
k
)
.
(3.41)
Comparing these with Eq.(3.39) and noting the normalization condition |α
k
|2 −
|β
k
|2 = 1, we obtain
α
k
=
eiθk√
1− e−2ωkpi
, β
k
=
e−ωkpi+iθk√
1− e−2ωkpi
, (3.42)
where θ
k
is a constant phase. Also from Eq.(3.38), we find
B
k
= e−ωkpi . (3.43)
Now it is easy to interpret the above result to the language of the Schro¨dinger
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wave functional. Applying Eq.(3.24) to the present case, we find
|O¯(t)〉
S
= N exp
(
− 1
2h¯
∫ ∫
d3xd3y Ω¯(x,y; t)φ(x)φ(y)
)
, (3.44)
where
Ω¯(x,y; t) =
√
γ
α
∑
k
(
˙¯u
(1)
k
(x, t)u¯(1)−1
k
(y, t) + ˙¯u
(2)
k
(x, t)u¯(2)−1
k
(y, t)
)
. (3.45)
However, as we have seen, this state is a zero eigenstate of the Hamiltonian. Hence
the wave functional (3.44) should be time-independent. This can be demonstrated
as follows. Operating e−iHˆφt to Eq.(3.40), we obtain
|O¯(t)〉
S
= exp
(∑
k
B
k
a(1)†
k
(t(1))a(2)†
k
(t(2))
)
|O(1)(t(1))〉
S
⊗ |O(2)(t(2))〉
S
, (3.46)
where t(1) = t(2) = t and a(i)†
k
(t(i)) are the time-dependent creation operators as
defined in Eq.(3.19). Their coordinate representations are given as
a(i)
k
(t(i)) =
∫
d3x
(
h¯u∗(i)
k
(x, t(i))
δ
δφ(x)
− i
√
γ
α
u˙∗(i)
k
(x, t(i))φ(x)
)
a(i)†
k
(t(i)) =
∫
d3x
(
−h¯u(i)
k
(x, t(i))
δ
δφ(x)
+ i
√
γ
α
u˙(i)
k
(x, t(i))φ(x)
)
.
(3.47)
Since |O(i)〉 is the true ground state of the Hamiltonian Hˆ(i)
φ
, we have, for t(1) =
t(2) = t,
|O(1)(t)〉
S
⊗ |O(2)(t)〉
S
=
(
e−iE0t|O(1)〉
)
⊗
(
eiE0t|O(2)〉
)
= |O(1)〉 ⊗ |O(2)〉.
Furthermore, since the Hamiltonian is diagonalized with respect to the static vac-
uum mode functions, we have
a(1)†
k
(t)a(2)†
k
(t) =
(
e−iωktA(1)†
k
)(
eiωktA(2)†
k
)
= A(1)†
k
A(2)†
k
. (3.48)
Therefore we find
|O¯(t)〉
S
= exp
(∑
k
B
k
A(1)†
k
A(2)†
k
)
|O(1)〉 ⊗ |O(2)〉. (3.49)
This form is explicitly time-independent.
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Now, as we have obtained the asymptotic behavior of the wave functional in
the false vacuum, we go back to the problem of constructing the tunneling wave
functional. As clear from Eq.(3.49), the Euclidean vacuum can be considered as a
superposition of many particle states of the following form,
(A(1)†
k1
)n1 · · · (A(1)†
km
)nm |O(1)〉 ⊗ (A(2)†
k1
)n1 · · · (A(2)†
km
)nm |O(2)〉. (3.50)
As there is no causal connection between the regions (1) and (2), the wave functional
can be constructed independently in each region. First consider the region (1).
Applying the results obtained in the previous section, the wave functional for the
region (1) which has the asymptotic form in the false vacuum as
(A(1)†
k1
)n1 · · · (A(1)†
km
)nm |O(1)〉 (3.51)
is given by
(A(1)†
k1
(t(1)))n1 · · · (A(1)†
km
(t(1)))nm |O(1)(t(1))〉 (3.52)
where |O(1)(t(1))〉 is the quasi-ground-state wave functional with the parameter
time t(1) along the path shown in Fig. 2. The operators A(1)
k
(t(1)) and A(1)†
k
(t(1))
are given by
A(1)
k
(t(1)) = e−iωkt
(1)
a(1)
k
(t(1))
= e−iωkt
(1)
∫
d3x
(
h¯w(1)
k
(x, t(1))
δ
δφ(x)
− i
√
γ
α
w˙(1)
k
(x, t(1))φ(x)
)
,
A(1)†
k
(t(1)) = eiωkt
(1)
a(1)†
k
(t(1))
= eiωkt
(1)
∫
d3x
(
−h¯v(1)
k
(x, t(1))
δ
δφ(x)
+ i
√
γ
α
v˙(1)
k
(x, t(1))φ(x)
)
,
(3.53)
where v(1)
k
and w(1)
k
satisfy the field equation,
[
gµν∇µ∇ν −
(
m2(σ) + ξR
)]
z(1)
k
= 0 (z = v, w), (3.54)
along the trajectory on the complex t(1)-plane shown in Fig. 2 with the asymptotic
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initial condition at t(1) < 0,
v(1)
k
(x, t(1)) = u(1)
k
(x, t(1)),
w(1)
k
(x, t(1)) = u(1)∗
k
(x, t(1)).
(3.55)
As for the wave functional for the region (2), since the tunneling degree of freedom
keeps staying at the false vacuum origin, it is t(2)-independent. However, we may
express the wave functional in the same manner as that for region (1) by solving the
mode functions v(2)
k
and w(2)
k
along the contour of Fig. 2 on the complex t(2)-plane,
but with the false vacuum configuration throughout the contour.
Summing up all the terms again, we obtain the wave functional which describes
tunneling from the Euclidean vacuum,
Φ [φ( · ); t] = N exp
(∑
k
B
k
A(1)†
k
(t)A(2)†
k
)
|O(1)(t)〉 ⊗ |O(2)〉. (3.56)
Now, as we have discussed when deriving the Bogoliubov coefficients (3.42),
when we consider the negative frequency functions, the regions (1) and (2) are
analytically connected through the lower-half complex t-plane while the tunneling
field is at the false vacuum origin. Hence we expect the tunneling wave functional to
be obtained by finding the mode functions w¯(i)
k
for the tunneling background which
correspond to the Euclidean vacuum negative frequency functions u¯(i)∗
k
. Namely,
first we set the boundary condition,
w¯(i)
k
(x, t) = u¯(i)∗
k
(x, t) , (3.57)
at t < 0. Then they solve the field equation (3.54) in the Lorentzian time to
t = t(1) = t(2) = 0, and further in the Euclidean time with τ = it(1) and τ =
−π + it(2) beyond τ = −π to τ = −∞. Note that from Eq.(3.41), the solutions
are automatically consistent with the analytic continuation at both τ = 0 and −π.
Then solving back to τ = 0 through the non-trivial O(4) bubble background only
in the interval −π/2 < τ ≤ 0, and analytically continue to the Lorentzian time
with t = t(2) = −i(τ+π) at τ = −π to the de Sitter background and t = t(1) = −iτ
at τ = 0 to the O(3, 1) bubble background.
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Then, with thus obtained mode functions w¯(i)
k
, we can in fact show that the
tunneling wave functional satisfies
a¯(i)
k
(t)Φ [φ( · ); t] = 0, (3.58)
where
a¯(i)
k
(t) =
∫
d3x
(
h¯w¯(i)
k
(x, t)
δ
δφ(x)
− i
√
γ
α
˙¯w(i)
k
(x, t)φ(x)
)
. (3.59)
After all, as clear from the above procedure, we do not have to know w¯(i)
k
at τ ≤ −π
but only those in the interval −π ≤ τ ≤ 0. Furthermore w¯(i)
k
coincide with u¯(i)
k
in the region τ ≤ −π/2. Once we become aware of these facts, we need not stick
to the construction of w¯(i)
k
themselves, nor to the coordinates of the metric (3.14).
Instead, any complete set of mode functions which are related to w¯(i)
k
by a unitary
transformation is relevant and any convenient coordinate system can be chosen to
solve for them. For this reason, we may drop the superscript (i) for the mode
functions and denote them simply by w¯
k
. Thus the procedure to construct the
tunneling wave functional in the case with gravity turns out to be very similar to
the case without gravity. In particular, the resulting quantum state after tunneling
will be related to the true vacuum state by a Bogoliubov transformation as discussed
in Papers I and II.
3.3 Conformal scalar model
Here, as a simple application of our formalism, we consider a conformally cou-
pled scalar field φ (i.e., ξ = 1/6 in Eq.(3.5)) which is massless except on the
bubble wall. In Paper II, we have investigated a similar model in the absence of
the background curvature. We show below that this conformal scalar model gives
the quantum state which is conformally equivalent to the one without gravity in
Paper II.
A convenient choice of the coordinates for the present case is obtained by the
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coordinate transformation of the metric (3.7) with n(η) = a(η) as
T
E
= −eη cos r,
ρ = eη sin r,
(3.60)
or equivalently that of the metric (3.14) as
T
E
=
√
1−R2 sin τ (1 +√1−R2 cos τ )
sin2 τ +R2 cos2 τ
,
ρ =
R(1 +
√
1−R2 cos τ )
sin2 τ +R2 cos2 τ
.
(3.61)
Then the metric becomes
ds2E = Ω
2
E(ξE)
(
dT 2E + dρ
2 + ρ2dΩ2(2)
)
, (3.62)
where
Ω2E =
a2(ln ξ
E
)
ξ2
E
; ξ
E
=
√
T 2
E
+ ρ2 . (3.63)
As clear from Eq.(3.61), the analytic continuation to the Lorentzian metric by
τ = it (t = t(1)) and τ = −π + it (t = t(2)) corresponds to that at T
E
= 0 by
T
E
= iT . Hence the Lorentzian version of the metric (3.62) is
ds2 = Ω2(ξ)
(
−dT 2 + dρ2 + ρ2dΩ2(2)
)
, (3.64)
where
Ω2 =
a2(ln ξ)
ξ2
; ξ =
√
−T 2 + ρ2 . (3.65)
At the false vacuum origin, Eq.(3.64) reduces to the de Sitter metric:
ds2deS = Ω
2
deS(ξ)
(
−dT 2 + dρ2 + ρ2dΩ2(2)
)
;
Ω
deS
=
2
H
F
(1− T 2 + ρ2) .
(3.66)
As we have seen in the previous subsection, the procedure to obtain the tun-
neling wave functional is to solve for the mode functions w¯
k
in the interval −π ≤
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τ ≤ 0 of the Euclidean tunneling background and analytically continue them to
the Lorentzian background at τ = −π and τ = 0 with the condition that w¯
k
are
unitarily equivalent to the analytic continuation of the Euclidean vacuum negative
frequency functions u¯∗
k
in the region τ ≤ −π/2. Hence we may regard Eq.(3.64)
to represent the background metric both in the Euclidean and Lorentzian regimes
by allowing T to take complex values. We show how the time coordinate T spans
the spacetime in Fig. 6. The advantage of using the coordinates (T, ρ) is that the
correspondence to the flat spacetime case becomes transparent. The metric (3.64)
is conformally equivalent to the flat spacetime metric: gµν = Ω
2ηµν . Further, the
conformal factor Ω is a function of only ξ, i.e., it is O(3, 1)- (or O(4)-) invariant.
In particular, Ω may be regarded as a function of the tunneling field σ.
Because of the conformal coupling of the scalar field, the field equation (3.54)
for the mode functions w¯
k
can be conformally transformed to that on the flat
spacetime: [
ηµν∇µ∇ν −
(
m2(σ)Ω2(σ)
)]
w¯
fk
= 0, (3.67)
where we have regarded Ω as a function of σ and
w¯
fk
= Ωw¯
k
. (3.68)
Thus we can construct the mode functions which satisfy Eq.(3.54) by solving
Eq.(3.67) in the flat spacetime.
The remaining task is to impose the correct boundary condition on w¯
fk
. For
this purpose, let us consider the case of pure de Sitter background. If the conformal
vacuum defined by the positive frequency functions u
fk
(∝ e−ikT ) on the flat space
agrees with the Euclidean vacuum, the required initial condition for w¯
fk
is trivial;
w¯
fk
= u∗
fk
. To see this is indeed the case, we examine the symmetric two-point
function in the conformal vacuum. It is well-known that the positive frequency
function u¯
k
for this conformal vacuum is given by u¯
k
= Ω−1u¯
fk
and as a result
the two-point function G(1) is given by
G(1)(x, x′) = Ω−1deS(x
2)D(1)(x, x′)Ω−1deS(x
′2), (3.69)
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where Ω
deS
is given by Eq.(3.66), x2 = −(x0)2 + x2 = −T 2 + ρ2 and
D(1)(x, x′) :=
1
2π2
1
(x− x′)2 , (3.70)
is the symmetric two-point function in the Minkowski vacuum.
If we embed the de Sitter space in the five dimensional Minkowski space,
ds2 = −(dx˜0)2 + (dx˜1)2 + (dx˜2)2 + (dx˜3)2 + (dx˜4)2, (3.71)
we find the coordinates x˜a (a = 0, 1, 2, 3, 4) on the de Sitter space are expressed in
terms of xµ = (T,x) as
(x˜µ, x˜4) =
(
2xµ
H
F
(1 + x2)
,
1− x2
H
F
(1 + x2)
)
, (3.72)
It is then easy to show that
G(1)(x, x′) =
1
2π2
1
(x˜− x˜′)2 . (3.73)
This shows G(1) is de Sitter invariant. Hence, together with the fact that its short
distance behavior is the same as that in the Minkowski vacuum, the present con-
formal vacuum is found to be the Euclidean vacuum. The relevant mode functions
w¯
k
for the tunneling wave functional are then given by solving Eq.(3.67) along the
contour shown in Fig. 2 on the complex T -plane and multiplying the result by the
inverse of the conformal factor; w¯
k
= Ω−1w¯
fk
.
To summarize, in the present case of a conformally coupled scalar field, the
effects of gravity to the quantum state after tunneling is to solve the mode functions
for the flat background with the mass term m2 replaced by m2Ω2 and multiplying
the resultant mode functions by Ω−1, with Ω given in Eq.(3.65). The two-point
functions for the quantum state after tunneling are also given by the conformal
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transformation of those obtained for the flat background D(x, x′) as
G(x, x′) = Ω−1(x2)D(x, x′)Ω−1(x′
2
). (3.74)
However, the evaluation of the energy momentum tensor seems to require some
care. It is known that the regularized vacuum expectation value of the energy mo-
mentum tensor, 〈Tµν〉, for a conformally coupled field on a conformally flat space-
time consists of term arising from a trivial conformal transformation of
〈
Tµν
f
〉
reg
in flat space and the terms representing conformal anomalies [13]:
〈
Tµν
〉
reg
= Ω−2
〈
T fµν
〉
+ conformal anomalies. (3.75)
It is also known that if there arises no further divergence apart from the common
ones for any spacetime, Eq.(3.75) continues to hold for arbitrary state. However, in
the present case, as discussed in Paper II, we encounter a new type of divergences
which may be partly due to the delta-function nature of the mass term in our model
and also possibly due to the breakdown of the WKB expansion. Unfortunately at
the moment, we are unable to clarify if these new divergences would give rise to
terms which are conformally non-trivial. If not, since the finite terms of
〈
T fµν
〉
we have found in flat space in Paper II will be absent in the case of conformal
coupling, except for the term which diverges on the light cone, we would find
only the conformal anomaly terms in the present model, provided we impose the
regularity on the light cone. Furthermore, if the true vacuum has no vacuum energy,
it reduces to the flat space and we would find no finite term at all, which sounds
rather paradoxical. In Paper II, we have argued that the regularity on the light
cone is necessary to keep the validity of the WKB expansion. Hence if we allow
the presence of the term which diverges on the light cone, it will be necessary to
seriously consider the possible breakdown of the WKB expansion. The resolution
of this issue is left for future study.
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4. Conclusions
We have considered an extension of our previous analysis in Paper II of the
quantum state after O(4)-symmetric bubble nucleation in flat space to the case
with the gravitational effect. In order to do so, we have first extended the formalism
developed in Paper I to the case of multi-dimensional tunneling from an excited
state at the false vacuum origin. Then using the result of extension, we have
developed a method to obtain the tunneling wave functional from the false vacuum
to the true vacuum through a non-trivial geometry of the background spacetime
described by the O(4)-symmetric bubble with gravity. Provided that the O(4)
bubble is described by the thin-wall approximation, we have found the procedure
to construct the tunneling wave functional can be formulated in a quite similar
manner as in the case of flat spacetime background.
As an explicit demonstration of our formalism, we have considered a simple
conformal scalar model which is massless except on the bubble wall to represent
the fluctuations around the O(4) bubble. We have then found the the resulting
quantum state is conformally equivalent to that in the absence of gravity, i.e., it
is described by a Bogoliubov transformation of the true vacuum state (a squeezed
state). However, we have argued that the evaluation of the regularized expectation
value of the energy momentum tensor for this quantum state may be highly non-
trivial, apart from the conventional conformal anomalies. We have also pointed
out the paradoxical situation that the regularized energy momentum tensor might
vanish due to the conformal coupling nature of our model if the true vacuum has
no vacuum energy density.
At the moment, we are unfortunately unable to judge whether these issues are
particularities of our over-simplified model or intrinsic difficulties associated with
field theoretical tunneling phenomena. Further research on the present subject is
apparently required.
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Figure Captions
Fig. 1: The potential form of the tunneling field, where σ
F
and σ
T
represent the
values of σ in the false and true vacua, respectively.
Fig. 2: A path on the complex plane of time, which represents a tunneling process.
The segments A, B and C correspond to the motion staying in the false
vacuum, an instanton and the motion after nucleation, respectively.
Fig. 3: A schematic picture of the Coleman DeLuccia instanton solution in the thin
wall limit. Two dimensions are suppressed
Fig. 4: Foliation of the Coleman DeLuccia instanton solution by τ = const. hyper-
surfaces.
Fig. 5: The analytic continuation to the Lorentzian region of the Coleman DeLuccia
instanton solution. The lower and upper halves are Euclidean and Lorentzian
regions, respectively.
Fig. 6: The same as Fig. 5, but with foliation by the T = constant hypersurfaces.
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